Proof. The bound follows by applying the previous lemma, Equation ( 2), and Theorem 2.3
Concluding remarks
It is curious that the ( k)-set bounds of 2] both rely on the Upper Bound Theorem and are proven using an argument like the proof of Lemma 2.2. Perhaps some more direct argument for them exists. Mathematika, 17:179{184, 1970 .
the number of k-faces of P, then
since each k-face F has a unique bottom vertex v, with all k edges in F incident to v pointing up. To bound the quantities f k (P) it is enough to bound g i (P Lemma 3.1 There is a one-to-one correspondence between i-minima of A(H) and vertices of P with outdegree i, and so g i (P) = g i (H). 
The Upper Bound Theorem
The g-vector of a polytope. Suppose P is a simple d-polytope with at most n facets, and is the set of points fx 2 E nonnegative, the origin is in P. We will also write the inequalities as a j x b j , for j = 1 : : :n. Suppose w is an admissible row n-vector for P, meaning that wv 6 = wv 0 for any two distinct vertices v and v 0 of P. Orient the edges of the P in the direction of increasing w (upward) and let g i (P) denote the number of such that all points on the i-level in a neighborhood of the point have a larger x 1 coordinate. Call a local minimum on the i-level an i-minimum, or an ( k)-minimum if i k. An i-minimum is a vertex, and so Mulmuley's result is a bound on a class of vertices of the i-level. Note that the 0-minimum of H is the solution x (H) of the linear programming problem minfx 1 j x 2 P(H)g.
In addition to bounding the number of ( k)-minima, Mulmuley showed some bounds on related quantities, and conjectured that the number of i-minima is O(i This i-minima bound is of course not new for i = 0 and i = 1, and it isn't even new for i = n=2: using (projective or polar) duality, it is equivalent to the preliminary observation for d = 2 that forms the basis of a bound on the number of vertices on the n=2-level in E 2 4]. Thus the contribution here is mostly one of observed connections and new proofs, and not new theorems.
Section 3 uses ideas of linear programming duality to show that the bound on i-minima readily implies the celebrated Upper Bound Theorem for convex polytopes 6, 1]. Here we mean only the upper bound of that theorem, and do not characterize the polytopes for which the bound is tight. , and recently sharpened slightly 8], only relatively recently have nontrivial bounds been known for the general problem in higher dimensions. These results are stated in a dual form, concerning k-sets of sets of points. One related result is that the maximum total number of vertices on all i-levels, for i k, is (n bd=2c k dd=2e ), a ( k)-set bound 2]. Using similar techniques, Mulmuley then showed that the number of local minima on levels i k is O(k d ), where a local minimum is point of the i-level
